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ABSTRACT
We calculate the lowest-order non-linear contributions to the power spec-
trum, two-point correlation function, and smoothed variance of the density eld,
for Gaussian initial conditions and scale-free initial power spectra, P (k)  kn.
These results extend and in some cases correct previous work in the literature
on cosmological perturbation theory. Comparing with the scaling behavior ob-
served in N-body simulations, we nd that the validity of non-linear perturbation
theory depends strongly on the spectral index n. For n < −1, we nd excellent
agreement over scales where the variance σ2(R) < 10; however, for n  −1, per-
turbation theory predicts deviations from self-similar scaling (which increase with
n) not seen in numerical simulations. This anomalous scaling suggests that the
principal assumption underlying cosmological perturbation theory, that large-
scale elds can be described perturbatively even when fluctuations are highly
non-linear on small scales, breaks down beyond leading order for spectral indices
n  −1. For n < −1, the power spectrum, variance, and correlation function in
the scaling regime can be calculated using dimensional regularization.
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1. Introduction
Several independent arguments suggest that the growth of cosmological density pertur-
bations on large scales can be described by perturbation theory, even when the density and
velocity elds are highly non-linear on small scales. For example, analytic and numerical
work showed that linear perturbation theory describes the evolution of the large-scale density
power spectrum P (k), provided the initial spectrum falls o less steeply than k4 for small
k (, , , ). In addition, for Gaussian initial conditions, leading-order non-linear perturbative
calculations of higher order moments of the density eld, e.g., the skewness and kurtosis,
agree well with N-body simulations in the weakly non-linear regime, where the variance of
the smoothed density eld σ2(R)  hδ2(R)i < 0.5 − 1 (Juszkiewicz, Bouchet & Colombi
1993, , , Baugh, Gazta~naga & Efstathiou 1995). Thus, leading-order perturbation theory
has been shown to work surprisingly well in the cases where comparisons with numerical
simulations have been made.
The success of leading-order cosmological perturbation theory raises questions: since
the perturbation series is most likely asymptotic, what happens beyond leading order|does
the agreement with simulations improve or deteriorate? More generally, what sets the limits
of perturbation theory, beyond which it breaks down? These questions have become more
urgent since it has been shown that leading-order perturbation theory appears to provide an
adequate description even on scales where next-to-leading order and higher order perturbative
contributions would be expected to become important.
To address these questions, one must calculate loop corrections, i.e., corrections beyond
leading order, in non-linear cosmological perturbation theory (NLCPT). This is the second
paper of a series devoted to this topic. In the rst paper (), we applied diagrammatic
techniques to calculate loop corrections to 1-point cumulants of unsmoothed elds, such
as the variance and skewness, for Gaussian initial conditions. Here, we calculate the 1-
loop (rst non-linear) corrections to the power spectrum, the volume-averaged two-point
correlation function, and the variance of the smoothed density eld for scale-free initial
spectra, P (k)  kn. While the linear power spectrum for the Universe is not scale-free (on
both observational and theoretical grounds), scale-free spectra are useful approximations over
limited ranges of wavenumber k; they also have the advantage of yielding analytic closed
form results. In a forthcoming paper, we will present 1-loop corrections to the bispectrum
(the three-point cumulant in Fourier space) and the skewness of the smoothed density eld
for scale-free and cold dark matter spectra.
One-loop corrections to the two-point correlation function and power spectrum have
been previously studied in the literature (, , Juszkiewicz, Sonoda & Barrow 1984, , , Makino,
Sasaki & Suto 1992, , ). Multi-loop corrections to the power spectrum were considered by ,
